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Many slow-fast (also called multiscale or two-time scales)
system arise from material sciences, chemistry, fluids
dynamics, biology and other application areas, such as

@ In climate models, where climate-weather interactions may
be studied within the averaging framework, climate being
the slow motion and weather the fast one.

@ In the chemistry, the dynamics of chemical reaction
networks often take place on notably different times scales,
from the order of nanoseconds (10~ s) to the order of
several days.
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1. Backgroud

Averaging principle for SDEs (By Khasminskii, 1968)

dXi = b(XF, Yi)dt +o(XF, Y{)aWs, X5 =x € R,
dYi = (X7, Yi)dt + J-g(XF, Yi)dW,, Y5 =y e R
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1. Backgroud

Averaging principle for SDEs (By Khasminskii, 1968)

dXi = b(XF, Yi)dt +o(XF, Y{)aWs, X5 =x € R,
dYi = (X7, Yi)dt + J-g(XF, Yi)dW,, Y5 =y e R

Assume that 3b(x) : RY — RY, A(x) : RY — RIx7:

)
1 / Eb(x, Y**¥)dt — B(x)
0

T —0, —0;

)
1 / Eo(x, Y)o" (x, Y*¥)dt — A(X)
0

T —0, —0;

where {Y;"¥};>0 is the unique solution of the frozen equation:
dy;r = f(x, Y\ )at + g(x, YV )dW,, Y3 =y.
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1. Backgroud

Averaging principle says:
X — X, inweak sense,
as ¢ — 0, where X is the solution of the averaged equation:
dX; = b(Xy)dt + 5(Xp)dW;,  Xo = x.

where 5(x) := /A(X).
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1. Backgroud

Averaging principle says:
X — X, inweak sense,
as ¢ — 0, where X is the solution of the averaged equation:

d)_(t = B()_(t)dt + 5()_(1)th, Xo = x.

where 5(x) := /A(X).
If the frozen equation admits a unique invariant measurep*.
Then

= Jro b( p*(dy)

° 5(X)5(X)* = fU(X, y)o(x,y) w*(dy)
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1. Backgroud

An simple case: If f(x,y) = f(y) and g(x, y) = g(y),

1 te te
R = y+f f(YE)ds+— g(Ys)dWs
0
= y+/fYﬁE dr+/g AW,

where W, = W,. is also a Brownian motion.

%
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1. Backgroud

An simple case: If f(x,y) = f(y) and g(x, y) = g(y),

te te
Y. = y+1 f(YE)ds+/ g(Ys)dWs
0

= y+/fo€ dr+/g - )d W,

where W, = %W,E is also a Brownian motion.
Based on the uniqueness of solutions of the frozen equation:

t t
Vimy+ [ fvdr+ [ g(¥iaW,
0 0

Po(YE) ' =Po(Y)™"
Po(Y5)™" :Po(yrﬂ
= limPo(¥y)” T = = lim IP’o(YS) = (invariant measure).
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1. Backgroud

People always care about
Xe =X, £—0.

Convergence in which ways?
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1. Backgroud

People always care about
Xe =X, £—0.

Convergence in which ways?
@ Strong sense: Convergence in LP
@ Weak sense: Convergence in law

Convergence rate? Whether optimal? In the Wiener noise case

- 11/p
@ Strong sense: [Supte[o,T] E| X — Xt|p] < Cre'/?

© Weak sense: supyc(o 7 [Ee(Xf) — Eo(Xr)| < Cre

Xiaobin Sun Averaging principle for slow-fast stochastic system



1. Backgroud

The main tools:

@ Khasminskii’s time discretization

@ Asymptotic expansion of the solutions of Kolmogorov
equation with respect to ¢

@ Poisson equation
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The Poisson equation
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1. Backgroud

The papers mentioned above mostly considered the Wiener
noise. How about the case of jump noise?
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The papers mentioned above mostly considered the Wiener
noise. How about the case of jump noise?

@ D. Givon, Strong convergence rate for two-time-scale
jump-diffusion stochastic differential systems, SIAM J. Multiscale
Model. Simul., 2007

@ D. Liu, Strong convergence rate of principle of averaging for
jump-diffusion processes, Front. Math. China, 2012

@ J. Xu, LP-strong convergence of the averaging principle for
slow-fast SPDEs with jumps, JMAA, 2017

@ B. Pei, Y. Xu, J. L. Wu, Two-time-scales hyperbolic-parabolic
equations driven by Poisson random measures: Existence,
uniqueness and averaging principles, JMAA, 2017
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However, the above jump noise excludes the «a-stable noise,
which has the heavy tail property and has many application in
physics, finance and other fields.
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However, the above jump noise excludes the «a-stable noise,
which has the heavy tail property and has many application in
physics, finance and other fields.

@ J. Bao, G. Yin, C. Yuan, Two-time-scale stochastic partial
differential equations driven by «-stable noises: Averaging
principles, Bernoulli, 2017

@ X. Sun, J. Zhai, Averaging principle for stochastic real
Ginzburg-Landau equation driven by «a-stable process, CPAA,
2020

@ Y. Chen, Y. Shi, X. Sun, Averaging principle for slow-fast
stochastic Burgers equation driven by a-stable process. Appl.
Math. Lett. 2020
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However, the above jump noise excludes the «a-stable noise,
which has the heavy tail property and has many application in
physics, finance and other fields.

@ J. Bao, G. Yin, C. Yuan, Two-time-scale stochastic partial
differential equations driven by «-stable noises: Averaging
principles, Bernoulli, 2017

@ X. Sun, J. Zhai, Averaging principle for stochastic real
Ginzburg-Landau equation driven by «a-stable process, CPAA,
2020

@ Y. Chen, Y. Shi, X. Sun, Averaging principle for slow-fast
stochastic Burgers equation driven by a-stable process. Appl.
Math. Lett. 2020

But, no satisfactory convergence rates were obtained. Question:
@ What are the optimal strong and weak convergence rates?

@ Will it depends on the index a? How it depends?
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2. Main results

2. Main results

@ SDE case:
1

de—1f(X,,Y5)dt+ SedlE Yo =y eR®

{ dXf = b(X;, Yi)dt +dLi, X5 =xeR%,
(1)

where {L!};>0 and {L?} are independent d; and d;
dimensional isotropic a-stable processes with o € (1, 2).
b:R% x R% — R% and f : R% x R% — R%.
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2. Main results

Theorem 1(S., L. Xie, Y. Xie, Bernoulli, 2021)
(i) Forany (x,y) € R% x R®%, T >0and p € [1,a), we have

1/p
E sup |Xf — X;|P < Cell=1/), (2)
te[0,T]
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(i) Forany (x,y) € R% x R®%, T >0and p € [1,a), we have

1/p
E sup |Xf — X;|P < Cell=1/), (2)
te[0,T]

(ii) Forany ¢ € C2*7 with v € (o — 1,1),

sup [E¢(X;) — Eo(Xp)| < Ce, 3)
te[0,T]
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2. Main results

Theorem 1(S., L. Xie, Y. Xie, Bernoulli, 2021)
(i) Forany (x,y) € R% x R®%, T >0and p € [1,a), we have

1/p

E sup |Xf — X;|P < Cell=1/), (2)
te[0,T]

(ii) Forany ¢ € C2*7 with v € (o — 1,1),

sup [E¢(X;) — Eo(Xp)| < Ce, 3)
te[0,T]

where X is the solution of the averaged equation:
dX; = b(X;)dt +dL}, Xp = x, 4)
where B(x) = fye, b(X, y)u*(dy).
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2. Main results

@ SPDE case:
{ aX; = [AX; + B(X;, Yi)] dt + st, 5 =X€eH,

dys — ,[Ays +F(X;, Y)ldt+ —-dZ, Y5=ye€H,

©)
where A is a selfadjoint operator, B, F : H x H — H and
{Lt}+>0 and {Z:}+>0 be mutually independent cylindrical
a-stable processes, where o € (1,2), i.e

/

Le= )" Belfex, Z=)Y wZfer, t=0.
keNL keNy
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2. Main results

Theorem 2(S., Y. Xie, arXiv:2106.02854, 2021)
(i) For any for any (x,y) € H" x Hwith € (0,1), T > 0,
1 < p < o and small enough ¢, > 0,

1/p
'V 1
<S“p E|Xf—xt|"> < Crs [1+ XIS +1y((9] 15 @)
te[0,T]
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2. Main results

Theorem 2(S., Y. Xie, arXiv:2106.02854, 2021)
(i) For any for any (x,y) € H" x Hwith € (0,1), T > 0,
1 < p < o and small enough ¢, > 0,

1/p
v 1
(sup EIXf—XtI"’> < Crg [1+ XIS + 1y 75 (6)
te[0,T]

(if) For any test function ¢ € C3(H),(x,y) € H x H, r € (0, 1),

sup [E¢(X7) — Bo(X0)| < Crrg [1+ X0+ 1y ] 17, (7)
te[0,T]

where X is the solution of the averaged equation.
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2. Main results

Example: Consider

dX: = Yidt + dLl, x0 —X€ER,

ays = — 1Y€dt+ —pdlf, Y5=0¢€E,
where {L]}~0 and {L2}+~¢ are independent 1-dimensional
symmetric a-stable process.
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2. Main results

Example: Consider

dXF = Yedt + dL, x0 = x€R,

dys = — 1Y€dt+ Spdlf. Yo=0cR,

where {L]}~0 and {L2}+~¢ are independent 1-dimensional
symmetric a-stable process.
Thus the solution is given by

t
Xf:x+/ Yeds + L],
0

€ 1 t—— €
Yt—gw/oeﬂ S)/edlL2,
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2. Main results

Note that the corresponding frozen equation is
dYi = - Yidt +dlZ, Yy=0

has a unique solution Y; = [ e~ (*-9)dL2, which admits a
unique invariant measure p with zero mean.
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2. Main results

Note that the corresponding frozen equation is

dY;= Yt +dl?, Yy=0
has a unique solution Y; = [ e~ (*-9)dL2, which admits a
unique invariant measure p with zero mean.

Thus, the corresponding averaged equation is given by

XIZX-FL;.

t
/ Ysds
Jo

Xiaobin Sun Averaging principle for slow-fast stochastic system

As a result, we have for 0 < p < a,

P
E|Xf — Xi|P = E




t 1 t t 1
Zf ;:/ Ygds:1/ [/ e‘s(s‘r)ds} dL2.
0 et/ Jo L

As a result, the characteristic function of Z; is given by

E <e’hzr€) = exp{—/t Co(1 — e =)dr <51*1/°‘>a ]h\a}, heR.
0

where ¢(x) = —C,|x|*.
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t 1 t t 1
Zf ;:/ Ygds:1/ V e‘s(s‘r)ds} dL2.
0 et/ Jo L

As a result, the characteristic function of Z; is given by

E <e’hzr€) = exp{—/t Co(1 — e =)dr <51*1/°‘>a ]h\a}, heR.
0

where ¢(x) = —C,|x|*. Thus,

t p t p/a
/ Yids| = Cup [/ (1—e—§)adr] (-4)",
0 0

which implies 1 — % is the optimal strong convergence rate.

E
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3. Idea of Proof

3. Idea of Proof
Recall that

t
XF = Xo +/ b(Xg, YS)ds + L],
0

t_ -_—
Xt = Xo +/ b(Xs)ds + L}.
0
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3. Idea of Proof

3. Idea of Proof
Recall that

t
XF = Xo +/ b(Xg, YS)ds + L],
0

t_ -_—
Xt = Xo +/ b(Xs)ds + L}.
0

[b(X;. Y5) — B(X:)] ds

[b(XE, YE) — B(XZ)] ds + /O [ [b(XZ) — b(Xs)] ds.
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3. Idea of Proof

Note that b is Lipschitz continuity, then for p € [1, a),
p]

E ( sup |Xf — )_(t\p> < GCpE [ sup
te[0,T] te[0,T]

/bﬁw—wﬁm

+%ﬂ/\ﬁ—mwt
0

By Gronwall’'s inequality, we get

sup

E ( sup |X; — )_(t|p> < Cp7E
te[0,T]

te[0,T]

/bﬁy~ B(X)ds

] |
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3. Idea of Proof

Now, consider the following Poisson equation with parameter x:
_XZ(X)CD(X?}/):b(X7y)_5(X)7 yERdzv (8)
where %(x) is the generator of the following frozen equation.

{ dy; = f(x, Y;*Y)dt + dL?, ©)

Yol =y.

Denote
d(x,y) = /ooo [Eb(x, Y;*') — b(x)] dt,

Then it is easy to prove that ®(x, y) solves PDE (8).
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3. Idea of Proof

Meanwhile, the solution ®(x, y) satisfy the following estimates:

sup |[®(x,y)| < C(1+yl), sup [[Vy®(x,y)| < C(10)

xeR% x€RY ycR%
sup [[Vx®(x, y)|| < Co(1+Iy["), (11)
xeR%
||VX¢(X17y) (X2? )H
< Clx — x| (1 |X1 — x|+ |y, (12)

where 0 € (0, 1], v € (a —1,1).
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3. Idea of Proof

By Ité’s formula, we have
t
O(X7, YE) = d(x.y) + / L (YE)O(XE, Ye)ar
0

1/t . .
+5/ Lo(XE)D(XE, YE)dr + MET + M2,
0
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3. Idea of Proof

By Ité’s formula, we have
t
O, V) = o(xy) + [ A)O0G. Yi)ar
0
1 [t _ _
+5/ Lo(XE)D(XE, YE)dr + MET + M2,
0

where

Z1(y)0( —(=8x)*20(x,¥) + (b(x,y), Vx®(X, ¥));
Mot = / / O(XE +x, YE ) — d(XE, Yo )N'(dr, dx);
R%

M= [ [ o0 Y ) - e, Ve RR(ar ).
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3. Idea of Proof

As a result, it is easy to see
t

— t _
(X5, Y5) ~ BUX)ds = |~ (X0 0x;. Yy
0

t
= <oty — 006 YD) + [ A0 Yo+ M+ 7).
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3. Idea of Proof

As a result, it is easy to see
/b — b(X¢ ds_/ —Lo(X7)P(XF, Yy )dr

— < [o(xy) - 00X, Y7) + /0 LAY, Y7)dr + M 4 M2,

p]
.

E S[UF;]\¢(X’J/)—¢(XF, Yf)|p+E/o A (Y7)(XF, YP)IP dr
telo,

+E ( sup |M:! p) +E < sup |Mf’2]p>].
te[0,T] te[0,T]
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Hence, we have

sup

t
/ Ly(XE, YE)O(XE, V) ds
te[0,T]

E | sup |Xf — X;|P| <CE
te[0,T]

< CeP




3. Idea of Proof

By estimates (10)-(12) and the following estimate:

;
sup E/O A(YP)(XE, YP)P dr < Cor(1+|XIP + [yP);

€€(0,1)
- ( sup [¢(Xf, Yf)|p> < Cpr(1+yP)e =
te[0,T]
sup E ( sup |M !p> < Cp(1+ yIP);
cc(0,1)  \te[0,T]
E( sup [M2)P| < Cpre =
te[0,T]

We final obtain

E ( sup [ X — )_(t|p> < Co,r(1 + [XIP + |y[P)ePi=2),
te[0,T]
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3. Idea of Proof

Thank you very much!
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